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1 PROBLEM DEFINITION

The Maximum Agreement Subtree problem for & trees (k-MAST) is a generalization of a similar
problem for two trees (MAST). Consider a tuple of k rooted leaf-labeled trees (17,75 ...T}). Let
A ={ay,az,...a,} be the set of leaf labels. Any subset B C A uniquely determines the so called
topological restriction T|B of the three T to B. Namely, T'|B is the topological subtree of T spanned
by all leaves labeled with elements from B and lowest common ancestors of all pairs of these leaves.
In particular, the ancestor relation in 7’| B is defined so that it agrees with the ancestor relation in
T. A subset B of A such T'|B, ..., T*|B are isomorphic is called an agreement set.

Problem 1 (k-MAST).

INPUT: A tuple ? = (T',...,T*) of leaf-labeled trees, with a common set of labels A = {a1, ..., an},
such that for each tree T" there exists one-to-one mapping between the set of leaves of that tree and
the set of labels A.

OUTPUT:k—MAST(?) equal to the mazimum cardinality agreement set of 7

2 KEY RESULTS

In the general setting, k-MAST problem is NP-complete for £ > 3 [1]. Under the assumption that
the degree of at least one of the trees is bounded, Farach et al. proposed an algorithm leading to
the following theorem:

Theorem 1. If the degree of the trees in the tuple ? = (T',...,T*) is bounded by d then the
k—MAST(?) can be computed in O(kn® + n?) time.

In what follows, the problem is restricted to finding the cardinality of the maximum agree-
ment set rather than the set itself. The extension this algorithm to an algorithm that finds the
agreement set (and subsequently the agreement subtree) within the same time bounds is relatively
straightforward.

Recall that the classical O(n?) dynamic programming algorithm for MAST of two binary trees
[11] processes all pairs of internal nodes of the two trees in a bottom up fashion. For each pair
of such nodes it computes the MAST value for the subtrees rooted at this pair. There are O(n?)
pairs of nodes and the MAST value for the subtrees rooted at a given pair of nodes can computed
in constant time from MAST values of previously processed pairs of nodes.
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To set the stage for the more general case, let k—MAST(?) be the solution to the k-MAST
problem for the subtrees of T (vy),...,T*(v;,) where T%(v;) is the subtree if T% rooted at v;. We
say that Y is dominated by s (denoted v < 7) if, for all 4, u; is a strict ancestor of v; in T".

A naive extension of the algorithm for two trees to an algorithm for & trees would require
computing k—MAST(?) for all possible tuples 4 by processing these tuples in the order consistent
with the domination relation. The basic idea that allows to avoid Q(n*) complexity is to replace
the computation of k-MAST(¥) with the computation of a related value, mast(7'), defined to
be the size of the maximum agreement set for the subtrees of (T',...,T*) rooted at (vy,...v)
subject to the additional restriction that the agreement subtrees themselves are rooted at vy, ... v
respectively. Clearly

k-MAST(T",...,T%) = max mast (7).

The benefit of computing mast rather than k-MAST follows from the fact that most of mast
values are zero and it is possible to identify (very efficiently) o with non-zero mast values.

Remark 1. If mast(V) > 0 then v = (lcaTl(a,b), e lcaTk(a,b)) for some leaf labels a,b where
lca™" (a,b) is the lowest common ancestor of leaves labeled by a and b in the tree T".

A tuple ¥ such that o = (lcaT1 (a,b),... leal” (a,b)) for some a,b € A is called an lca-tuple. By
Remark 1 it suffices to compute mast values for the lca-tuples only. Just like in the naive approach,
mast(?) is computed from mast values of other lca-tuples dominated by 7. Another important
observation is that only some lca-tuples dominated by o are needed to compute mast(?). To
capture this, Farach et al. define the so called proper domination relation (introduced formally
below) and show that the mast value for any lca-tuple o can be computed from mast values of
lca-tuples properly dominated by 7 and that the proper domination relation has size O(n?).

Proper Domination Relation. Index the children of each internal node of any tree in an
arbitrary way. With each pair 7, W of lca-tuples such that W < U We associate a domination
direction 0 5 _ 5 = (61,...,0;) where w; descends from the child of v; indexed with d;. Let v;(j) be
the child of v; with index j. The direction domination is termed active is if the subtrees rooted at
the v1(d1),...,v(dx) have at least one leaf label in common. Note that each leaf label can witness
only one active direction, and consequently each lca-tuple can have at most n active domination
directions. Two directions § 3. and 0 5 5 are called compatible if and only if the direction
vectors differ in all coordinates.

Definition 1. ¥/ properly denominates 0 (denoted U< 7) zﬁ? dominates U along an active
ﬁrection ? and there exists another tuple W which is also dominated by o along an active direction
01 compatible with §.

From the definition of proper domination and from the fact that each leaf label can witness
only one active we make the following observations:

Remark 2. The strong domination relation < on lca-tuples has size O(n3). Furthermore, the
relation can be computed in O(kn?) time.

Remark 3. For any lca-tuple 7, if mast(ﬁ) > 0 then either ¥ is an lca-tuple composed of leaves
with the same label or o properly dominates some lca-tuple.

It remains to show how the values mast(ﬁ) are computed. For each lca-tuple 7, the so called
compatibility graph G(7) is constructed. The nodes of G(¥) are active directions from ¥ and
there is an edge between two such nodes if and only if corresponding directions are compatible.



The vertices of G (7) are weighted and the weight of a vertex corresponding to an active direction

equals the maximum mast value of a lca-tuple dominated by o along the this direction. Let
MW C(G(7)) be the maximum weight clique in G(7).

The bottom-up algorithm for computing non-zero mast values is based on the following recursive
dependency whose correctness follows immediately from the corresponding definitions and Remark
3:

Lemma 2. For any lca-tuple o

mast(ﬁ) _ maw{ 1 if all elemets of U are leaves.

MWC(G(V))  otherwise (1)

The final step is to demonstrate that once the lca-tuples and the strong domination relation is
pre-computed, the computation all non-zero mast values is can be preformed in O(n¢) time. This
is done by generating all possible cliques for all G (7) Using the fact that the degree of at least
one tree is bounded by d one can show that all the cliques can be generated in O(},-,(})) =
O(d?(ne/d)?) time and that there is O(d(ne/d)?) of them [6]. -

3 APPLICATIONS

The k-MAST problem is motivated by the need to compare evolutionary trees. Recent advances
in experimental techniques in molecular biology provide diverse data that can be used to construct
evolutionary trees. This diversity of data combined with the diversity of methods used to construct
evolutionary trees often leads to the situation when the evolution of the same set of species is
explained by different evolutionary trees. Maximum Agreement Subtree problem has emerged as a
measure of the agreement between such trees and as a method to identify subtree which is common
for these trees. The problem was first defined by Finden and Gordon in the context of two binary
trees [7]. These authors also gave a heuristic algorithm to solve the problem. The O(n?) dynamic
programming algorithm for computing M AST values for two binary trees has been given in [11].
Subsequently, a number of improvements leading to fast algorithms for computing MAST value of
two trees under various assumption about rooting and tree degrees [5, 8, 10] and references therein.

The MAST problem more 3 or more unbounded degree trees is NP-complete [1]. Amir and
Keselman report an O(kn®*! 4 n?9) time algorithm for the agreement of £ bounded degree trees.
The work described here provides in O(kn? + n?) for the case where the number of trees is k and
the degree of at least one tree is bounded by d. For d = 2 the complexity of the algorithm is
dominated by the first term. An O(kn?) algorithm for this case was also given by Bryant [4] and
O(n?logh ! n) implementation of this algorithm was proposed in [9].

k-MAST problem is fixed parameter tractable in p, the smallest number of leafs labels such
that removal of the corresponding leaves produces agreement (see [3] and references therein). Ap-
proximability of the MAST and related problem has been studied in [2] and references therein.

4 OPEN PROBLEMS

None is reported.

5 EXPERIMENTAL RESULTS

None is reported.
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